We present data from two-color high-order harmonic generation in a hollow waveguide, that suggest the presence of a nonlinear-optical frequency conversion process driven by extreme ultraviolet light. By combining the fundamental and second harmonic of an 800 nm laser in a hollow-core fiber, with varying relative polarizations, and by observing the pressure and power scaling of the various harmonic orders, we show that the data are consistent with a picture where we drive the process of high-harmonic generation, which in turn drives four-wave frequency mixing processes in the extreme euv. This work promises a method for extending nonlinear optics into an additional region of the spectrum using an approach that has not previously been considered, and has compelling implications for generating tunable light at short wavelengths.
INTRODUCTION
Nonlinear optics has played an increasingly critical role in laser science, making it possible to generate coherent light more efficiently and in spectral regions that cannot be directly accessed by laser ͓1,2͔. Processes such as sumfrequency generation, second-harmonic generation, difference-frequency generation, optical parametric oscillation, and optical parametric amplification allow coherent light to span wavelength ranges from the infrared ͑ir͒ to the ultraviolet ͑uv͒ regions of the spectrum. More recently, coherent sources have been demonstrated in the uv and extreme ultraviolet ͑euv͒ regions of the spectrum, based on either the process of high-harmonic generation ͑HHG͒ ͓3-5͔, or softx-ray lasing ͓6-9͔. Recent experiments have seen twophoton ionization processes driven by euv light ͓10-12͔; however, to date no experiments have reported the use of light at wavelengths below 100 nm as a driving field in a nonlinear frequency conversion process. This situation is a result of the fact that until very recently, the coherent intensity and nonlinear interaction lengths were insufficient to drive nonlinear optics in the euv. A number of theoretical proposals, however, have proposed nonlinear optics in the x-ray region of the spectrum using plasmas as a nonlinear medium ͓13-16͔.
In this work, we show that by driving high-harmonic generation within a hollow-core fiber ͓17͔ with a strong fundamental infrared field, and by adding a very weak secondharmonic field, we observe behavior that is consistent with low-order difference-frequency parametric mixing processes driven by euv light. The strong fundamental beam at frequency 1 ͑800 nm͒ ͑where n corresponds to a photon frequency of n͒ generates odd-order harmonics very efficiently, in the range of 15 -27 in our experiments using argon gas. With the addition of a small amount of 2 light, these odd harmonics can subsequently drive a low-order four-wave frequency mixing process such as 20 = 21 + 1 − 2 , to generate even-order harmonics. This is, in effect, a cascaded process whereby the odd-order harmonics are generated by a high-order HHG process, which in turn drives a low-order frequency mixing process to generate the evenorder harmonics. For high 2 powers, we observe high-order processes that can be attributed to either multiple-order cascaded processes, or high-order frequency-mixing processes that have been identified in past work using more intense pulses ͓18,19͔.
The process of two-color high-order harmonic generation has been the topic of numerous theoretical studies ͓15,20-24͔, and a smaller number of experimental works ͓18,19,25-28͔. Theoretical studies have generally focused on either the "single-atom" physics of the process in the absence of propagation effects, or on phase-matching techniques, with a simple perturbation theory picture of the nonlinear process itself. Generally, the single-atom studies find limited regimes where the conversion efficiency for coherent euv generation is improved by a moderate amount. The rescattering model of high-order harmonic generation remains a valid picture, with the "classical" trajectory of the rescattering electron modified by the two-color field. One calculation of two-color HHG has included propagation effects, assuming a conventional gas jet geometry͓21͔. Studies focused on phase matching have pointed out that the high-order difference frequency-mixing process has better phase-matching properties in a plasma ͓15,23,24͔ and experimental work has observed enhanced conversion into the vuv attributed to this effect ͓18,19,28͔. Very recent results have indicated a dramatic increase ͑→100ϫ ͒ in high-order harmonic conversion efficiency into the euv ͑Ϸ20 nm͒ when a two-color orthogonally polarized driving field is used ͓26,27͔. This work attributes this increase in efficiency to a single-atom effect, but the comparison with theory is only qualitative.
Cascaded nonlinear processes are widely used in the visible and ir regions of the spectrum. Cascading several loworder processes can be more efficient than direct frequency generation because of substantially higher low-order nonlin-
ear susceptibilities compared with high-order nonlinear susceptibilities. For example, third-harmonic light can be generated either through a direct third-harmonic generation ͑a third-order process͒, or via two cascaded second-order nonlinear processes. In the latter case, one crystal is used to generate the second-harmonic 2 ͑ 2 = 1 + 1 ͒, which is then combined with the fundamental in a second crystal to generate the third-harmonic 3 ͑ 3 = 2 + 1 ͒. This approach is often used for third harmonic conversion of yttrium aluminum garnet ͑YAG͒ 1064 nm laser light to 355 nm, where 532 nm ͑ 2 ͒ light is first generated, followed by sumfrequency generation ͑ 2 + 1 ͒. Recently we demonstrated the generation of vacuum ultraviolet ͑vuv͒ light using cascaded processes in hollow waveguides ͓29͔.
In this work, we provide evidence that euv frequencies generated as a result of two-color excitation with strong fundamental and weak second-harmonic fields may be a result of nonlinear four-wave difference frequency-mixing processes. Evidence for this is obtained by considering the power scaling of the generated harmonics, the observed depletion of the driving euv fields, the correlation between the driving and additional euv harmonics, the allowed selection rules, and the power scaling observed for the alternate case of a strong second harmonic field coupled with a weak fundamental field. These experimental and theoretical considerations seem to rule out simple higher-order frequency mixing processes as the origin of the additional euv frequencies. The observed data also do not appear to be consistent with single-atom models of high-harmonic generation driven by two-color fields.
Our approach is different from previous work. In the past, weak nonlinear processes were enhanced by using resonances to increase the nonlinear response over a small wavelength range ͓30͔. Here, we enhance the nonlinear response over a very broad wavelength range in the euv region of the spectrum.
EXPERIMENTAL SETUP
In this work, pulses from a 1.5 mJ, 20 fs, 1 kHz laser ͓31͔, with center wavelength 800 nm, are used to generate high-order harmonics in argon gas. The 800 nm beam at frequency 1 is separated into two parts. One beam passes through a 250 m type-I BBO crystal, generating 30 fs, 400 nm ͑ 2 ͒ pulses, while the other beam is sent through a delay line. The fundamental and second harmonic beams are then focused into a 150 m diameter, 2.5-4 cm long, hollow-core fiber. The energy of the fundamental beam coupled into the fiber is typically limited to 80-150 J, while the energy of the 2 beam is limited to 5 -20 J. At these fluences, the 2 beam is not sufficiently intense to generate harmonics in the absence of the fundamental light. The spectrum of the euv radiation is measured by an x-ray charge-coupled device camera ͑Andor͒ coupled to an x-ray spectrometer ͑Hettrick Scientific͒. The relative delay between the 1 and 2 pulses is adjusted for maximum conversion into the euv. The polarization state of each beam can also be adjusted independently. In our experiments, use of a phase-matched geometry within a hollow-core fiber ͓17͔ has major advantages. The HHG process continually replenishes the intense euv beams necessary to drive the nonlinear process, diminishing the effects of strong absorption. The hollow-fiber geometry also results in a long interaction length between the generated harmonics and the fundamental and second-harmonic fields, allowing parametric processes to be driven efficiently over a broad wavelength range.
Under our experimental conditions, excitation by the linearly polarized fundamental light alone generates a HHG comb typically centered at the 23rd harmonic order, consisting of approximately seven odd-order harmonics in the range of 15 − 27 , as shown in Fig. 1͑a͒ . When a weak 2 pulse with parallel linear polarization is introduced, even-order harmonics appear, as shown in Figs. 1͑b͒ and 1͑c͒. To uniquely assign these even-order harmonics to a particular nonlinear process, we first consider possible pathways for generating the even-order harmonics, as shown in Table I for the 20th harmonic of 800 nm at 40 nm. Processes 1-4 involve an euv photon in a third-order nonlinear wave-mixing process. This is a cascaded process because the original euv photon is generated by HHG. On the other hand, processes 5 and 6 represent high-order mixing processes similar to HHG, which are driven by the fundamental and second-harmonic fields. In general, one process or a set of processes will dominate the frequency conversion processes for any given experimental conditions due to a combination of phase matching effects, allowed dipole transitions, strength of the nonlinearity, and strength of the driving fields. In Table I , 4 W denotes four-wave, HO denotes high-order, SFM denotes sum-frequency mixing, and DFM denotes differencefrequency mixing. 
To determine if a parametric process driven by euv light is indeed being observed here ͑i.e., processes 1-4͒, we use a number of arguments, outlined below, to eliminate the possibility that the even-order harmonics are being generated as a result of a high-order mixing process ͑i.e., processes 5 and 6͒. In combination, the observed and predicted power scaling of the even harmonics, the depletion of the original harmonics as the 2 power is increased, the correlation between the intensities of the original and new harmonics, and the allowed photon combinations contributing to a given order, can be used to uniquely assign the observed signal to a loworder nonlinear process involving an euv photon.
RESULTS
In the perturbative limit, the nonlinear polarization scales as P ͑n͒ = ͑n͒ E 1 E 2¯En ͓1,2͔. Therefore, in some cases power scaling can be used to help differentiate one process from another. A process using one blue photon scales as S ϰ I 2 1 , two blue photons scale as S ϰ I 2 2 , etc. Also, when one color is much weaker than another ͑e.g., I 2 Ӷ I 1 ͒, processes involving the lowest number of weak-field photons are expected to dominate. On a log-log plot of output versus driving field energy, the slope will indicate the power scaling constant. For HHG, which is nonperturbative, the signal should scale with the effective process order ͓32͔. In our data, HHG light generated by ir light scales as I 1 11 as expected, corresponding to the number of 800 nm photons required to ionize the argon. All of the four-wave processes ͑1-4͒ listed in Table I should scale linearly ͑I n 1 ͒ with the contributing fields. However, since I 1 , I 2 ӷ I EUV , the four-wave mixing process is limited by the available intensity of the euv signal, which continues to be generated in the HHG process, even as some General power scaling rules can be derived by considering the allowed processes that can contribute to a given even-order harmonic. As explained above, for four-wavemixing processes ͑1-4͒ in general, and for similar field intensities, the output power will scale linearly with all driving fields involved. However, in the case of high-order mixing ͑5 and 6͒, the power scaling will depend on whether the generated harmonic is even or odd. For example, for high order frequency mixing processes that generate odd harmonics, from Table I the required combinations are p = odd, n = odd, and m = even ͑e.g., 21 =17 1 +2 2 ͒. Thus, the output will scale as an odd power of 1 , and as an even power of 2 . For high-order mixing processes that generate even harmonics, such as processes 5 or 6 of Table I , the output will scale as an even power of 1 , and as an odd power of 2 . Power scaling rules can also be modified by the existence of cascaded processes. For example, if two four-wave mixing processes occur in series to generate an euv photon, the output signal will scale quadratically with each field intensity, instead of linearly as is the case for a single four-wave-mixing process. This is because to generate the final euv photon, two 2 photons ͑for example͒ are required, one from each fourwave-mixing process. However, when an euv photon can be generated by several nonlinear processes simultaneously ͑i.e., in parallel͒, each distinct nonlinear process generates a separate photon ͑i.e., if two pathways exist, two photons are generated͒. The observed scaling law will thus be dominated by the processes with the highest-power scaling. Thus, power-scaling rules are preserved when multiple pathways exist, although they can be modified by cascaded processes.
Experimentally for I 2 Ӷ I 1 , three different observations lead us to conclude that we are observing four-wave mixing involving an euv photon. First, in Figs. 1 and 2͑a͒ we clearly observe depletion of the high-order odd harmonics ͑ 23 , 25 , and 27 ͒ as the 2 intensity is increased up to 20 mW. This depletion is expected if these harmonics ͑ 23 -27 ͒ are generating neighboring even orders ͑ 22 -26 ͒ via four-wave mixing. There is also a general shift of euv energy toward lower orders as the 2 intensity is increased, as shown in Fig.  1 . Second, the even-order harmonics closely follow the power dependence of the adjacent odd-order harmonics just above them, as shown in Figs. 2͑a͒ and 2͑b͒ . In Fig. 2͑b͒ the correlation is very clear, i.e., 26 tracks 27 , 24 tracks 25 , etc.. This is strong evidence that four-wave-mixing processes ͑such as 24 = 25 + 1 − 2 ͒ are limited by the intensity of the euv photons that contribute to them. At longer wavelengths in the vuv, this behavior has already been observed and can be thought of as a "gain-assisted" phase matching ͓29͔. These observations strongly suggest that the cascaded fourwave difference frequency-mixing processes ͑process 2 of Table I͒ , driven by the odd-order harmonics and the 1 and 2 fields, give rise to the even-order harmonics under these experimental conditions. Third, the weaker low-order odd harmonics ͑ 15 , 17 and 19 ͒ initially grow linearly as the 2 intensity is increased, as shown in Fig. 2͑a͒ . This power scaling is not consistent with a high-order wave mixing process. Odd harmonics driven by high-order mixing processes should have at least a twophoton contribution from the weak 2 beam ͑e.g., 15 =19 1 −2 2 or 15 =11 1 +2 2 ͒, as explained above and in Table I . Thus, four wave mixing processes appear to be the origin of the growth in the low-order odd harmonics.
The intensity of the even harmonics ͑ 14 , 16 , 18 , and 20 ͒ also scales as the first power of the incident blue intensity, implying one 2 photon is also involved here. However, this observation alone cannot distinguish between low-order cascaded four-wave mixing and higher-order processes where only one 2 photon is used. This is because, in contrast to the odd orders, HO processes involving only one 2 photon ͑such as processes 5 and 6 in Table I͒ are allowed for the even orders. From the discussions above, given that all low-order even and odd harmonics ͑ 14 , ... , 20 ͒ scale linearly with 2 power, many four wave mixing processes working simultaneously likely give rise to these harmonics, i.e., the frequency conversion is saturated in this region, redistributing energy between many processes. For higher 2 powers ӷ20 mW, all harmonics exhibit much higher 2 power dependences, either due to multiple cascaded processes involving all the even and odd harmonics, or highorder wave-mixing processes, as have been reported previously ͓28͔.
To summarize the behavior for I 1 ӷ I 2 : ͑1͒ the linear 2 power dependence of both low-order even and odd harmonics, ͑2͒ the correlated power scaling of the odd and the nextlower even orders, and ͑3͒ the depletion of the higher oddorder harmonics, provide persuasive evidence that four-wave difference frequency-mixing processes ͑such as 20 = 21 + 1 − 2 ͒ dominate harmonic generation for I 1 ӷ I 2 .
Further evidence for the dominance of four-wave-mixing and cascaded four-wave-mixing processes over high-order processes under our experimental conditions was obtained by investigating the case of I 2 ӷ I 1 . This situation is more complicated than the case of I 1 ӷ I 2 , because for I 2 ӷ I 1 , optimal phase-matching conditions generate macroscopic conversion into vuv harmonics at 3 , 4 , and 5 ͓29,33͔. For example, the strongest such process is a four-wave-mixing process ͑ 2 + 2 − 1 = 3 ͒ that also results in strong parametric gain for the fundamental 1 beam. This has been observed in previous experiments ͓33͔, and is also observed to occur in this experiment. Nevertheless, despite these complications, this case of I 2 ӷ I 1 allows us to demonstrate that high-order processes cannot explain our experimental observations, whereas cascaded four-wave-mixing processes can do so.
In this series of experiments, the field intensities were chosen such that the intense 2 field alone generates odd harmonics of 2 as expected ͑note that these correspond to even harmonics of fundamental, e.g., 10 Several experimental observations indicate that four-wave mixing and cascaded four-wave mixing generate the new frequencies observed for I 2 ӷ I 1 . First, we observe either no growth or else depletion of the initial odd harmonics of 2 ͑ 10 , 14 and 18 ͒ as the 1 power is increased, as shown in Fig. 3 . If the additional harmonics are indeed generated by high-order processes, there is no reason why the original odd 2 harmonics ͑e.g. 10 , 14 , or 18 ͒ would not also grow by high-order mixing processes such as 14 =4 1 +5 2 or 14 =9 2 −4 1 . However, these original odd harmonics either do not grow or are observed to deplete, as shown in Fig. 3 .
Second, the dependence of the signal intensity of the additional harmonics on 1 power appears to be inconsistent with high-order wave-mixing processes or a single-atom model. At low 1 powers, the additional odd next-neighbor harmonics ͑e.g., 13 , 15 , 17 , 19 , and 21 ͒ grow as I 1 3 , while the even-order harmonics ͑e.g., 12 and 16 ͒ grow as I 1 6 . Since the 1 field is weak, processes involving many ͑3 or 6͒ 1 photons are highly improbable, i.e., processes that would exhibit the observed power dependence, such as 13 =8 2 −3 1 or 16 =5 2 +6 1 , should be much less probable than other allowed processes that use fewer 1 photons, such as 13 =6 2 + 1 or 16 =7 2 +2 1 . However, this very strong 1 power scaling ͑I 1 3 and I 1 6 ͒ observed can be explained by cascaded processes that are optimized for I 2 ӷ I 1 . As discussed above, under our experimental conditions the fundamental beam 1 experiences parametric gain, mainly as a result of a low-order difference frequency mixing process 2 + 2 − 1 = 3 . Simple models indicate that the fundamental ͑idler͒ should increase at least quadratically as a result of this process. Subsequent four-wave-mixing processes such as 11 = 10 + 2 − 1 would then give rise to the observed I 1 3 power scaling for the additional odd-order harmonics. Similarly, the sixth-order scaling for the additional even-order harmonics could result from cascaded four-wavemixing processes such as 12 = 11 + 2 − 1 . Such cascaded processes have recently been observed experimentally in the vuv, where the 3 light generated by the 2 + 2 − 1 = 3 process subsequently drives another four wave mixing step to generate 4 light, i.e., 3 + 2 − 1 = 4 ͓29,34͔. Third, to investigate the possibility that the very strong power dependence of the even and odd harmonics might be due to nonperturbative high-order mixing, we used a theoretical model ͓35,36͔ of high-harmonic generation based on the recollision model of euv harmonic generation, including two colors of the driving field, and varying I 1 . This model exhibited a power dependence of I 1 1.1 for the odd harmonics, and I 1 3 for the additional even harmonics, in significant disagreement with experimental observations. Finally, in the absence of depletion of 1 and 2 , we expect different power scaling for high-order and four-wavemixing processes as I 1 increases. For high-order processes, the odd ͑or even͒ harmonics yield only odd ͑or even͒ power scaling with respect to 1 power ͑e.g., 15 =3 1 +6 2 or 12 =6 1 +3 2 , although the process 12 =2 1 +5 2 would be more likely given I 2 ӷ I 1 ͒. As I 1 increases, other higher-order 1 processes become important and may further increase the slope, with saturation expected only for very high conversion efficiency when the 1 and 2 fields are depleted ͑which is not observed͒. In contrast, for cascaded four-wave-mixing processes, the generated harmonics are weak initially. However, as the added harmonic intensity increases, it can participate in four-wave-mixing processes and thus will begin to lose energy, reducing the effective powerscaling slope. The experimental data of Fig. 3 show a rolloff of the power scaling of the additional harmonics as I 1 increases, but before any depletion is observed for the 1 and 2 fields. This early saturation of the effective power scaling is consistent with four-wave-mixing cascaded processes. For cascaded processes, in contrast to HO mixing processes, one expects a saturation of the power dependences of all harmonics at high input powers, because all harmonics can exchange energy with one other. This is confirmed by the data of Fig. 3 .
DISCUSSION
The experimental data presented here provide persuasive evidence that four wave difference frequency mixing processes ͑such as 20 = 21 + 1 − 2 ͒ dominate harmonic generation for under our experimental conditions, i.e., for twocolor high-harmonic generation in a gas-filled hollow waveguide. For the case of I 1 ӷ I 2 , three observations support this conclusion: ͑1͒ the linear 2 power dependence of both low-order even and odd harmonics; ͑2͒ the correlated power scaling of the odd and the next-lower even orders; and ͑3͒ the depletion of the higher odd-order harmonics. For the case of I 2 ӷ I 1 , three observations support this conclusion: ͑1͒ the lack of growth or else depletion of the initial odd harmonics of 2 ͑ 10 , 14 , and 18 ͒ as the 1 power is increased; ͑2͒ the dependence of the signal intensity of the additional harmonics on 1 power; and ͑3͒ the early saturation of the effective power scaling for all harmonic orders.
The question of whether it is reasonable to observe cascaded four-wave mixing driven by euv photons is very interesting. The most straightforward approach to modeling high harmonic generation driven by a two-color field is to use a simple, one-dimensional ͑1D͒, single-atom model as discussed above. However, this simple calculation does not reproduce the observed power scaling in the experiment. While it is possible that a complex 3D calculation, or a calculation that included phase matching effects, might coincidentally show the same scaling as observed experimentally, this is unlikely. To evaluate the proposed explanation of four-wave mixing driven by euv photons, the conditions of this experiment can be compared with that of simple four-wave mixing and cascaded processes in the uv and vuv regions of the spectrum ͓29,33͔. Under conditions very similar to this experiment, it is possible to use four-wave difference frequency mixing to generate light at 3 , given 1 and 2 input fields ͑i.e., 3 =2 2 − 1 ͒. This process has efficiency on order unity ͑up to 40% conversion͒ ͓29͔, and the nonlinearity is observed to be quite heavily saturated. In comparison, a process such as 22 = 23 + 1 − 2 differs from the uv case in that one photon is now in the euv, and is considerably less intense than an 2 photon ͑the observed conversion efficiency into the euv is in the range of 10 −5 ͒ ͓17͔. Since the nonlinear polarization for four-wave mixing is of the form
were constant, the nonlinear polarization would be reduced by 2-3 orders of magnitude. Previous theoretical estimates for euv four-wave mixing in plasmas indicate that the values of ͑3͒ should in fact be two orders of magnitude less than that observed in the uv ͓16͔. However, these estimates assumed that the nonlinear optical processes would take place in a plasma transparent to the driving and generated radiation; i.e., at photon energies far from the ionization continuum. This is not the case in our situation, where the euv photon has energy higher than the ionization potential. Since ͑3͒ is of the form ͓37͔ ͑3͒ ϰ ͚ r ab r bc r cd r da ͓⍀ − ͑ euv + 1 − 2 ͔͓͒⍀ − ͑ 1 − 2 ͔͒͑⍀ − 1 ͒ where r ab are dipole matrix elements, the terms in the denominator correspond to detuning of the driving fields from resonances that contribute to the nonlinear polarization, and the sum is over various polarizations and resonances. Comparing the low-frequency difference frequency mixing case with the euv processes considered here, two of the photons involved in the processes have the same frequencies. To estimate how ͑3͒ changes as one of the driving photons, and the product photon, now have energy above the continuum, we can compare the ratio of transition oscillator strength to "detuning" from resonance in the case of a visiblewavelength and an euv photon. Assuming that the nonresonant nonlinearity at long wavelengths originates primarily from the argon resonance transitions in the vacuum ultraviolet, at an energy above ground state of ϳ12 eV, and with a transition oscillator strength of ϳ0.3 ͓38͔; the ratio of dipole oscillator strength to detuning is f ⌬ = 0.3 ͓12 eV − ͑2 ϫ 1.55͒ eV͔͑1.5 ϫ 10 15 s −1 eV −1 ͒ Ϸ 2 ϫ 10 −17 s.
In comparison, the euv photon is "resonant" with the continuum, with an absorption cross section of 35ϫ 10 −18 cm 2 at ϳ30 eV photon energy. This can be translated ͓38͔ into an oscillator strength density of df / d = ͑mc /2 2 e 2 ͒͑͒ =2 ϫ 10 −16 s. Thus, ͑3͒ for the euv wave-mixing process would be expected to be considerably larger than in the case of a visible/uv process. It is thus possible that euv wave-mixing processes could be observed in our experiments, since the higher ͑3͒ can make up for the lower intensity of the euv, resulting in a comparable nonlinear polarization. More accurate calculations are needed however to confirm these estimates. In essence, the observed euv-driven four-wavemixing process might make use of enhancement of the nonlinearity by the continuum oscillator strength. This would be a different approach to nonlinear optics that to our knowledge has not been previously considered. 
SUMMARY
In summary, we present evidence of a nonlinear optical process driven by euv light, in the energy range from 20 to 40.5 eV. This extends nonlinear parametric conversion processes to energies above the ionization edge in a nonlinear medium. Further work can use these results to extend traditional nonlinear optical measurements and nonlinear spectroscopies of matter into the euv region of the spectrum, with higher spatial and temporal resolution than have previously been possible. These results might also be used to shift the wavelength of an x-ray laser, thus generating high-power coherent light at previously inaccessible wavelengths.
